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Abstract
We study dynamics of cosmological models with diffusion effects modeling dark matter and dark
energy interactions. We show the simple model with diffusion between the cosmological constant
sector and dark matter, where the canonical scaling law of dark matter (ρdm,0a
−3(t)) is modified
by an additive ǫ(t) = γta−3(t) to the form ρdm = ρdm,0a−3(t) + ǫ(t). We reduced this model
to the autonomous dynamical system and investigate it using dynamical system methods. This
system possesses a two-dimensional invariant submanifold on which the DM-DE interaction can be
analyzed on the phase plane. The state variables are density parameter for matter (dark and visible)
and parameter δ characterizing the rate of growth of energy transfer between the dark sectors. A
corresponding dynamical system belongs to a general class of jungle type of cosmologies represented
by coupled cosmological models in a Lotka-Volterra framework. We demonstrate that the de Sitter
solution is a global attractor for all trajectories in the phase space and there are two repellers: the
Einstein-de Sitter universe and the de Sitter universe state dominating by the diffusion effects. We
distinguish in the phase space trajectories, which become in good agreement with the data. They
should intersect a rectangle with sides of Ωm,0 ∈ [0.2724, 0.3624], δ ∈ [0.0000, 0.0364] at the 95%
CL. Our model could solve some of the puzzles of the ΛCDM model, such as the coincidence and
fine-tuning problems. In the context of the coincidence problem, our model can explain the present
ratio of ρm to ρde, which is equal 0.4576
+0.1109
−0.0831 at a 2σ confidence level.
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I. INTRODUCTION
Thanks to astronomical observations the modern cosmology has elaborated the concept
of the standard cosmological model called the cold dark matter model with the cosmological
constant (ΛCDM model). From a methodological point of view cosmology has achieved
the similar status as the particle physics with its standard model of particles. The ΛCDM
model acts as an effective theory describing the Universe from redshift z = 0 (today) to
z = 109 (the epoch of primordial nuclesynthesis). In the very structure of the ΛCDM model
there are essentially two components: matter (dark matter and baryonic matter) and dark
energy. It is assumed that the universe is spatially homogeneous and isotropic, and that
its evolution is governed by Einstein field equations with the energy momentum tensor for
the ideal fluid satisfying the barotropic equation of state p = p(ρ), where ρ is the energy
density of fluid. From the observational point of view it is convenient to use dimensionless
density parameters Ωi, defined as the fractions of critical density 3H
2
0 which corresponds to
a flat model. These parameters are observables which can be determined from astronomical
observations [3]. In the ΛCDM model it is assumed that all fluids are non-interacting. This
implies that the densities of baryonic matter and dark matter are scaling with respect to
redshift as (1 + z)3 and dark energy has constant density.
The natural interpretation of the cosmological constant is to treat it as the energy of
the quantum vacuum [4]. The cosmological model with the cosmological constant term and
pressureless matter fits well to the observation data of measurements of SNIa luminosity
distance as a function of redshift [5] and observations microwave relic radiation (WMAP,
Planck). Measurements of large-scale structures also remain consistent with the ΛCDM
model. Although the ΛCDM model describes well the present Universe the nature of its ba-
sic constituents (dark energy and dark energy) remains unknown. So dark energy and dark
matter are like some useful fictions in the terminology of Nancy Cartwright [6]. Comparing
the value of the cosmological constant required to explain the effect of the accelerated ex-
pansion of the Universe observations of distant supernovae type SNIa with the value of the
cosmological constant interpreted as the energy of the quantum vacuum, we get the most
incredible gap in history of physics ρvac/ρΛ = 10
143. In this context, the question is born
why the value of the cosmological constant is the small, why not simply a zero? This is
the known problem of the cosmological constant. In the model under the consideration, the
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comparison of ρvac/ρΛ still gives 83 order of magnitude from the measurement value because
ρvac/ρΛ ≃ 1060.
Another problem related closely with the problem of the cosmological constant is the
coincidence problem [2]. This problem is caused by the lack of explanation of why in today’s
era of the density of dark matter and dark energy are comparable although it is assumed
that they have different periods of recombination. In this paper we construct a cosmological
model in which it is assumed that the process of interaction between sectors of dark matter
and dark energy is continuous. Relativistic diffusion describes the transfer of energy to the
sector of dark matter. As a result, we go beyond the standard model assuming from the
outset that dark matter and dark energy interact. This effect is described by the running
cosmological constant and the modification of the standard scaling law of the dark matter
density.
If we assume that general relativity is an effective theory which can be extrapolated to
the Planck epoch, then the interpretation of the cosmological constant parameter appeared
in the ΛCDM model as a vacuum energy seems to be natural. By equating this density
to the energy density of the zero point energy that is left in a volume after removing all
particles, then we obtain that its value is about 120 orders of magnitude higher than the
corresponding value required for explanation of acceleration of the Universe in current epoch.
In the Universe with such a high value of cosmological constant (dark energy) we have a
rapid inflation and galaxies would have no time to form. The lack of explanation of this
difference is called the cosmological constant problem.
Its solution can be possible if we can find some physical mechanism lowering dramatically
this value during the cosmic evolution. Of course this process should be defined in a covariant
way following general relativity principles.
Our hypothesis is that diffusion cosmology can offer the possibility of obtaining a low
value of the cosmological constant today because the effects of diffusion effectively produce
the running cosmological constant.
We study how a value of effective running cosmological constant parameter changes during
the cosmic evolution and for late time is going to be a small constant value.
From the astronomical observations of distant supernovae SNIa and measurements of
CMB by Planck, measurement of BAO and other astronomical observations we obtain that
the present value of the energy densities of both dark energy and dark matter are of the same
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order of magnitude [7]. If we assume that standard cosmological model (ΛCDM model) is
an adequate way to describe the cosmic evolution, then the value ρde/ρdm will depend on the
cosmological time or redshift and the question arises: Why are two quantities with different
time recombination comparable at the present epoch? It is called the cosmic coincidence
problem.
We are looking for some physical relativistic mechanism which gives rise to this coinci-
dence observed for the current Universe. In the opposite case very special initial conditions
are required for its realization (fine tunning problem). In the framework of diffusion cosmol-
ogy our investigation of this problem shows that while the values of dark matter and dark
energy densities are comparable today they were significantly different in the past history of
the Universe. Because the diffusion effects act effectively as fluids which interact each other
during the cosmic evolution. In the consequence dark energy is running and a canonical rule
of scaling dark matter ρm proportional to a
−3 is adjusted.
The main aim of our paper is to demonstrate how the coincidence problem can be nat-
urally solved in the framework of diffusion cosmology. The interacting dark energy models
have been considered by many authors in the context of this problem. One of reasons to
study these models is to solve the cosmic coincidence problem [8–12]. To this aim different
ad-hoc proposed models of an interacting term were postulated a´ prori. In these models
the covariance of general relativity is usually violated and therefore they have limited appli-
cation to cosmology. In the present work we consider a unique relativistic diffusion model
where an interaction mechanism is motivated physically.
In the study of evolutional scenarios of the model under consideration we apply the
dynamical systems methods [24]. Our model belongs to a general class of jungle type of
cosmologies represented by coupled cosmological models in a Lotka-Volterra framework [1].
The crucial role in the organization of the phase space plays the critical point located
inside the physical region. The possible bifurcation of this point are studied in details for
extracting variability of DE and DM density as the function of the cosmological time. It is
interesting that at this critical point ρdm ∝ ρde (scaling type solution).
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II. FRIEDMANN EQUATION FOR DIFFUSION INTERACTING OF DARK
MATTER WITH DARK ENERGY
Haba et al. postulated a particular model of an energy-momentum exchange between
DM and DE sectors, while a baryonic sector was preserved [13]. In this paper we reconsider
this model in the light of aforementioned cosmological problems.
We assume Einstein equations in the form
Rµν − 1
2
gµνR = T µν , (1)
where gµν is the metric, Rµν is the Ricci tensor. In this paper we use the natural units
8πG = c = 1.
Because of a cosmological application we assume that the universe has topology R×M3,
where M3 is homogeneous and isotropic space. Then the spacetime metric depends only on
one function of the cosmic time t–the scale factor a(t). Additionally for simplicity we also
assume flatness (k = 0) of sections t = const. We decompose the energy-momentum tensor
on two parts
T µν = T µνde + T
µν
dm. (2)
We assume the conservation of the total energy momentum, which gives
−∇µT µνde = ∇µT µνdm ≡ 3κ2Jν , (3)
where κ2 is the diffusion constant and Jν is the current, which represents a flow of stream
of particles.
We also assume that energy density of the dark matter consisting of particles of mass
m is transfered by a diffusion mechanism in an environment described by a perfect fluid.
There is only unique diffusion which is relativistic invariant and preserves the particle-mass
m [14]. The corresponding energy-momentum satisfies the conservation law (3).
The Friedman equation in the FRW metric with baryonic matter, dark matter and dark
energy reads
3H2 = ρb + ρdm + ρde, (4)
where ρdm and ρde are determined by relations
ρdm = ρb,0a
−3 + ρdm,0a
−3 + γ(t− t0)a−3, (5)
ρde = ρde(0)− γ
∫ t
a−3dt. (6)
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The current Jµ in equation (3) is conserved [15–17]
∇µJµ = 0. (7)
The above conservation condition for the FRW metric reduces to
J0 = γ/3κ2a−3 (8)
with a positive constant γ which can be computed from the phase space distribution Ω(p, x)
of diffusing particles [13].
The condition (3) after calculation of divergence reduces to the continuity conditions for
energy density of both matter and dark energy
ρ˙m = −3Hρm + γa−3, (9)
ρ˙de = −γa−3, (10)
where we assume the equation of state for dark energy as pde = −ρde and for matter as
pm = 0; a dot denotes differentiation with respect to the cosmological time t. Equation (9)
can be rewritten as
a−3
d
dt
(ρma
3) = γa−3 ⇔ d
dt
(E) = γ, (11)
where E is the total energy of matter in the comoving volume V ∼ a3. From relation (11),
we can obtain that E = γ(t− t0).
In our paper [13] we considered one unique model of an energy transfer from dark energy
(DE) to dark matter (DM) with the diffusive interaction in the dark sector where DE and
DM can be treated as ideal fluids. Particles are scattering in an environment of other
particles. If we assume that the subsequent scattering events are independent, the particle
motion is described by a Markov process. In order, the assumption that the energy of the
particle remains finite leads to the conclusion that the Markov process must be a diffusion.
Therefore diffusion is in some sense unique because there is only one diffusion which is
relativistic invariant and preserves the mass [14, 18, 19]. In consequence the interaction
between DM and DE fluids is defined in a unique way.
III. DIFFUSION COSMOLOGY
In the investigation, the dark energy and dark matter interaction plays role in continuity
equation. This equation are special case of jungle cosmological models [1]. We assume that
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ρm = ρb + ρdm, where ρb is density of baryonic matter and ρdm is density of dark matter.
The equation of state for dark energy is expressed by pde = −ρde in our model, where pde is
pressure of dark energy and the equation of state for matter is given by pm = 0, where pm
is pressure of matter.
The Friedmann equation is expressed in the following form
3H2 = ρb,0a
−3 + ρdm,0a
−3 + γ(t− t0)a−3 + ρde(0)− γ
∫ t
a−3dt, (12)
where ρb,0a
−3 ≡ ρb, ρdm,0a−3 + γ(t − t0)a−3 ≡ ρdm, ρde(0) − γ
∫ t
a−3dt ≡ ρde. From the
Friedmann formula we get a condition
1 = Ωm + Ωde, (13)
where Ωm =
ρm
3H2
and Ωde =
ρde
3H2
are dimensionless density parameters.
We can obtain equations (9)-(12) in the form of the dynamical system x′ = fx(x, y, δ),
y′ = fy(x, y, δ) and δ′ = fδ(x, y, δ), where x = Ωm, y = Ωde, δ =
γa−3
Hρm
and ′ ≡ d
d lna
is
a differentiation with respect to the reparametrized time ln a(t). For these variables, the
dynamical system is in the following form
x′ = x(−3 + δ + 3x), (14)
y′ = x(−δ + 3y), (15)
δ′ = δ(−δ + 3
2
x). (16)
From equation (13), we have the following relation
x+ y = 1. (17)
Then dynamical system (14)-(16) is reduced to the two-dimension dynamical system.
For analysis of the critical points in the infinity, we use the Poincare´ sphere. Let us
introduce new variables in which one can study dynamical behavior at infinity
X =
x√
x2 + δ2
, ∆ =
δ√
x2 + δ2
. (18)
For these variables we get the dynamical system
X ′ = X
[
−∆2(3
2
X −∆) + (1−X2)(3X +∆− 3
√
1−X2 −∆2)
]
, (19)
∆′ = ∆
[
(1−∆2)(3
2
X −∆)−X2(3X +∆− 3
√
1−X2 −∆2)
]
, (20)
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where ′ ≡ √1−X2 −∆2 d
dτ
. Critical points, for equation (19)-(20), are presented in Table I.
The phase portrait for the dynamical system (19)-(20) is presented in Figure 1.
In the phase portrait there is an interesting class of trajectories labeled as “I”, starting
from the critical point 6 and approaching the de Sitter state. Because the diffusion has the
physical sense only for interval t > t0 the corresponding cosmological solution should be cut
off for any t < t0 from the de-Sitter solution. Hence, we obtain that a(t0) is positive number,
i.e. solution which represent critical point (6) is non singular. All trajectories starting from
the de-Sitter state can be treated as a models of extended idea of emergent cosmology [20]
[21].
While in the standard emergent cosmology universe is starting from the static Einstein
model, trajectories of type I are simple realization of extended idea of emergent Universe in
which Universe is starting rather from the stationary state.
The results of our previous paper [13] show that the density parameter for total (dark
and visible) x and dimensionless parameter δ are constrained to x ∈ (0.2724, 0.3624), δ ∈
(0.0000, 0.0364) at the 95% confidence level. This domain is represented in the phase space
by a shaded rectangle. Only these trajectories which intersect this domain are in good
agreement with the observation at a 2σ confidence level. Therefore observation favored the
cosmological models starting from the Einstein-de Sitter solution and going toward the de
Sitter attractor (trajectory II on the phase portrait).
Note that on the phase portrait there are trajectories labeled as “I” starting from the
de Sitter state and approaching the de Sitter state at late times. They are going toward
a saddle point–representing a non-singular solution. However all these trajectories do not
intersect the rectangle and therefore they are not favored by observation.
The saddle point in the phase space is representing the Milne universe (see Table I).
Therefore, the interacting term is proportional to t−3 and consequently is of the form ρdm =
Λbare + α
2t−2. The cosmological model with such a parametrization of dark energy was
studied by Szydlowski and Stachowski [22, 23].
Figures 2 and 3 present the evolution of dark matter ρdm as a function of the cosmolog-
ical time t for trajectories of type II. The evolution of the cosmological time for matter is
determined by the following formula
ρm(t) = ρm,0a(t− t0)−3 + γ(t− t0)a(t− t0)−3. (21)
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The addictive form of the scaling relation for dark matter (21) suggests that dark matter
consists of two components: the first term scaling like ρm,0a(t)
−3 and the seconf term scaling
like γta(t)−3. The latter describes an amount of dark energy density which is transfered to
dark energy sector by the diffusion process. In the unit of Ωtotal the canonically scaling dark
matter is 25.23% while transfered dark energy is about 1.35%. The amount of transfered
dark energy today is of the order γT where T is the age of the Universe.
In consequence of equation (21), δ(t) can be rewritten as
δ(t) =
1
H
(
ρm,0
γ
+ t− t0
) . (22)
Therefore at the present epoch we have
δ(T ) =
1
H0
(
ρm,0
γ
+ T
) , (23)
where t0 = 0 and t = T is the present age of the Universe. Note that while at late time
δ(t) =
√
3
Λ
1
t
for small time δ(t) = 3γ
2ρm,0
(t− t0).
If we give γ = 0 in equation (21) then ρm is scaling in the canonical way. From equation
(21) one can simply obtain that the density of dark matter is
ρdm = (ρm,0 − ρb,0)a(t− t0)−3 + γ(t− t0)a(t− t0)−3. (24)
Note that the interval of the values of ρdm is (0,+∞) or (0, ρmaxdm ), which depends on a type
of trajectories. The evolution of the scale factor a(t) with respect to the cosmological time,
for trajectories of type II, is demonstrated in Figure 4. The function δ(t), for trajectories of
type II, is presented in Figure 5 and the consideration for the maximum of this function is
in the form (
ρm,0
γ
+ tmax
)
ρm(tmax) = 2H(tmax), (25)
where tmax is corresponding the value of the cosmological time at the maximum.
The Hubble function H(t), for trajectories of type II, is presented in Figure 6. Note that
the Hubble function in the late time is constant. The evolution of ρde, for trajectories of
type II, is shown in Figure 9 and for late time ρde is going toward constant value. The
evolution of Ωm/Ωde, for trajectories of type II, is demonstrated in Figures 7 and 8. For the
trajectories of type I, the functions H(t), a(t), ρdm, ρde, Ωm/Ωde and δ(t) are presented in
Figures 10, 11, 12, 13, 14, 15. These figures show that there are two distinct behavior of
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TABLE I. Critical points for dynamical system (19)-(20), their type and cosmological interpreta-
tion.
No. critical point type of critical type of universe dominating part in H(t) a(t)
point the Friedmann equation
1 X0 = 0, ∆0 = 0 saddle de Sitter universe cosmological H(t) =
√
Λbare
3
a(t) ∝ e
√
Λbare
3
t
without diffusion effect constant
2 X0 =
√
2/11, ∆0 = 3/
√
22 saddle scaling universe matter and H(t) = (t − t0)−1 a(t) ∝ (t− t0)
(ρm ∝ ρde) dark energy
3 X0 = 1/
√
2, ∆0 = 0 unstable node Einstein-de Sitter matter H(t) =
2
3
(t − t0)−1 a(t) ∝ (t− t0)2/3
universe
4 X0 = 1, ∆0 = 0 stable node static matter and H(t) = 0 a(t) = const
universe running dark energy
5 X0 = 4/5, ∆0 = −3/5 saddle static matter and H(t) = 0 a(t) = const
universe running dark energy
6 X0 = 0, ∆0 = 1 unstable node de Sitter universe running dark energy H(t) =
√
ρde(0)
3
a(t) ∝ e
√
ρde(0)
3
t
with diffusion effect
7 X0 = 0, ∆0 = −1 stable node de Sitter universe running dark energy H(t) = −
√
Λbare
3
a(t) ∝ e−
√
Λbare
3
t
with diffusion effect
trajectories of type I and II. While the trajectory of type II represents matter dominating
model with a singularity the trajectories of type I represents the model without an initial
singularity.
IV. GENERALIZED DIFFUSION COSMOLOGY
Dynamical system methods are especially suitable in investigation of dynamics of both
fluids, dark energy and dark matter. Presented here dynamical system approach to the
study DM-DE interaction in diffusion cosmology can be simply generalized to the case when
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D
0 0.2 0.4 0.6 0.8 1
-1
-0.5
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1
2
3 4
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5
I
II
FIG. 1. Phase portrait of dynamical system x′ = x(δ + 3x − 3), δ′ = δ(−δ + 32x), where x =
Ωm =
ρm
3H2
, δ = γa
−3
Hρm
and ′ ≡ dd lna on the Poincare´ sphere coordinates are X = x√x2+y2+z2 ,
∆ = δ√
x2+y2+z2
. Critical point (1) represents the de Sitter universe–a global attractor for all
physical trajectories. Critical point (2) represents the scaling universe. Critical point (3) represents
the Einstein-de Sitter universe. Critical points (4) and (5) represent the static universe. Critical
point (6) represents the de Sitter universe. The gray region represents the domain of the present
value of X and ∆, which is distinguished by astronomical data. Let us note trajectories lie in the
domain with ∆ < 0 represent the contracting model but there is no symmetry with respect to the
∆-axis. At critical point (6), energy density of baryonic matter is negligible as well as density of
dark matter and only effects of the relativistic diffusion are important.
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0.5 1.0 1.5 2.0 2.5 3.0 t
1
2
3
4
5
6
ΡdmHtL
FIG. 2. The evolution of dark matter energy density for trajectories of type II (for the best fitted
values of model parameter together with confidence level at 95%). Dark matter ρdm is expressed
in [100×km/(s Mpc)]2. We choose (s Mpc)/(100×km) as a unit of the cosmological time t.
1.0 1.2 1.4 1.6 1.8 t
0.2
0.4
0.6
0.8
ΡdmHtL
FIG. 3. The evolution of dark matter energy density for trajectories of type II (for the best fitted
values of model parameter together with confidence level at 95% for the present epoch). Dark
matter ρdm is expressed in [100×km/(s Mpc)]2. We choose (s Mpc)/(100×km) as a unit of the
cosmological time t. The value of the age of the Universe for the best fit with errors are presented
by the dashed lines.
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0.5 1.0 1.5 2.0 2.5 3.0 t
0.5
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2.5
aHtL
FIG. 4. Diagram of scale factor as a function of cosmological time t for trajectories of type II (for
the best fitted values of model parameter together with confidence level at 95%). For the present
epoch T a(T ) = 1. A universe is starting from the initial singularity toward a de Sitter universe.
This type of behavior is favored by the observational data. We choose (s Mpc)/(100×km) as a
unit of the cosmological time t.
both dark energy and dark matter satisfy a general form of the equation of state
pde = wρde, (26)
pdm = w˜ρdm, (27)
pb = 0, (28)
where w and w˜ are constant coefficients equation of state for dark energy and matter re-
spectively. Then the continuity equations for baryonic and dark matter and dark energy are
presented by
ρ˙dm = −3(1 + w˜)Hρdm + γa−3, (29)
ρ˙de = −3(1 + w)Hρde − γa−3, (30)
ρ˙b = −3Hρb. (31)
(32)
The corresponding dynamical system assumes the form of a 3-dimensional autonomous
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FIG. 5. Evolution of dimensionless parameter δ of cosmological time t for trajectories of type II
(for the best fitted values of model parameter together with confidence level at 95%). Note that
as trajectory in the phase space achieved the state of the pericentrum located in the saddle point,
this state is corresponding on the diagram the maximum. Note that the existence of a maximum
value of δ parameter (
ρm,0
γ + tmax − t0)ρm(tmax) = 2H(tmax). For the late time δ(t) function is
decreasing function of t and ρ(∞)=0. We choose (s Mpc)/(100×km) as a unit of the cosmological
time t.
dynamical system
dx
d ln a
= 3x
[
(1 + w˜)(x− 1) + (1 + w)y + z
3
]
, (33)
dy
d ln a
= 3y[(1 + w)(y − 1) + (1 + w˜)x]− xz, (34)
dz
d ln a
= z
[
3w˜ − z + 3
2
[(1 + w˜)x+ (1 + w)y]
]
, (35)
where we choose state variables x = Ωm, and y = Ωde and z = δ like in previous considered
case.
Because 1 = x+ y the above dynamical system reduces to
dx
d ln a
= 3x
[
(w˜ − w)(x− 1) + z
3
]
, (36)
dz
d ln a
= z
[
3w˜ − z + 3
2
[(1 + w˜)x+ (1 + w)(1− x)]
]
. (37)
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0.5 1.0 1.5 2.0 2.5 3.0 t
0.5
1.0
1.5
2.0
2.5
HHtL
FIG. 6. Dependence of Hubble function of trajectories of type II (for the best fitted values of
model parameter together with confidence level at 95%). For late times H(t) goes to constant
values (deS+). The Hubble function H(t) is expressed in [100×km/(s Mpc)]. We choose (s
Mpc)/(100×km) as a unit of the cosmological time t.
0.2 0.4 0.6 0.8 1.0 t
-20
20
40
WmHtLWdeHtL
FIG. 7. Diagram of relation Ωm/Ωde for trajectories of type II (for the best fitted values of model
parameter together with confidence level at 95%). We choose (s Mpc)/(100×km) as a unit of the
cosmological time t.
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1.35 1.40 1.45 1.50 t
0.1
0.2
0.3
0.4
0.5
0.6
0.7
WmHtLWdeHtL
FIG. 8. Diagram of relation Ωm/Ωde for trajectories of type II for the present epoch. Note
that at the present epoch ρm,0 ∝ ρde,0 (therefore coincidence problem is solved). We choose (s
Mpc)/(100×km) as a unit of the cosmological time t. The value of the age of the Universe for the
best fit with errors are presented by the dashed lines.
0.5 1.0 1.5 2.0 2.5 3.0 t
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1.02
1.04
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FIG. 9. The evolution of dark energy density for the best fitted values of model parameter for trajec-
tories of type II. Dark energy ρde is expressed in [100×km/(s Mpc)]2. We choose (s Mpc)/(100×km)
as a unit of the cosmological time t.
16
0.5 1.0 1.5 2.0 2.5 3.0 t
0.1
0.2
0.3
0.4
0.5
0.6
0.7
HHtL
FIG. 10. The relation of H(t) for typical trajectory of type I. The H(t) function is expressed
in [100×km/(s Mpc)]. Note that H(0) is finite therefore it is not a singularity. We choose (s
Mpc)/(100×km) as a unit of the cosmological time t.
0.5 1.0 1.5 2.0 2.5 3.0 t
1
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aHtL
FIG. 11. Diagram of a(t) for typical trajectory of type I. Note that a(0) is finite therefore it is not
a singularity. We choose (s Mpc)/(100×km) as a unit of the cosmological time t.
17
0.5 1.0 1.5 2.0 2.5 3.0 t
0.02
0.04
0.06
0.08
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ΡmHtL
FIG. 12. Diagram of ρm(t) for typical trajectory of type I. Note that ρm(0) is equal zero therefore it
is not a singularity. Matter ρm is expressed in [100×km/(s Mpc)]2. We choose (s Mpc)/(100×km)
as a unit of the cosmological time t.
0.5 1.0 1.5 2.0 t
0.8
0.9
1.0
1.1
1.2
1.3
1.4
ΡdeHtL
FIG. 13. Diagram of ρde(t) for typical trajectory of type I. Note that ρde(0) is finite therefore it is not
a singularity. Dark energy ρde is expressed in [100×km/(s Mpc)]2. We choose (s Mpc)/(100×km)
as a unit of the cosmological time t.
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FIG. 14. Diagram of Ωm(t)/Ωde(t) for typical trajectory of type I. We choose (s Mpc)/(100×km)
as a unit of the cosmological time t.
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FIG. 15. Diagram of δ(t) for typical trajectory of type I. We choose (s Mpc)/(100×km) as a unit
of the cosmological time t.
Critical points of dynamical system (36)-(37) are completed in Table II. Especially there
is an interesting critical point inside the admissible region D = {(x, z) : x ≥ 0, z ≥ 0}
representing scaling solution: ρdm ∝ ρde. It is a saddle fixed point in the phase space D.
This critical point is important in the context of solution of cosmic coincidence problem as
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TABLE II. Critical points for dynamical system (36)-(37), their positions, types and cosmological
interpretation.
No. Critical point type of the universe
1 x0 = 0, z0 = 0 de Sitter universe
without diffusion
2 x0 = 1, z0 = 0 Einstein-de Sitter
3 x0 = − 1+3w3(w˜−w) , z0 = 1 + 3w˜ scaling universe (ρm ∝ ρde)
4 x0 = 0, z0 = 3/2(1 + 2w˜ + w) de Sitter universe
with diffusion
well as scaling solution in the context of quintessence idea.
Above system possesses critical points on the planes of coordinate system or inside the
phase space D = {(x, z) : x, z ≥ 0}. Of course system under consideration is restricted to
the submanifold x+ y = 1, because the constrain condition Ωm + Ωde = 1.
The behavior of trajectories of dynamical system (36)-(37) depends on the values of
parameters w, w˜. By choosing different values of these parameters one can study how
phase space structure changes under change of values of parameters. The equivalence of the
phase portraits is establish following homeomorphism preserving direction of time along the
trajectories. If there exist value of parameter for which phase is not topologically equivalent,
then such value is bifurcation value.
The stability of critical points depends on the linearization matrix. At the critical point
(3), the linearization matrix has the following form
A =

 ∂fx(x,z)∂x |x0,z0 ∂fx(x,z)∂z |x0,z0
∂fz(x,z)
∂x
|x0,z0 ∂fz(x,z)∂z |x0,z0

 =

 −1 − 3w 1+3w−3w˜+3w
3
2
(1 + 3w˜)(w˜ − w) −1− 3w˜

 , (38)
where fx(x, z) and fz(x, z) are the right sides of equations (36) and (37) and x0 and z0 are
coordinates of critical point (3) (see table II).
The determinant of matrix (38) can be expressed by the formula
detA =
3
2
(1 + 3w˜)(1 + 3w) (39)
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FIG. 16. Diagram of stability of critical point (3), depending on w and w˜. In the gray domains
there is the focus type of critical point and the boundaries of this domains is given by the lines
w = 13(1+6w˜+
√
−1 + 9w˜(2 + 3w˜)) and w = 13 (1+6w˜−
√
−1 + 9w˜(2 + 3w˜)). In the blue regions
there are the saddle type of critical point and is limited by lines w = −1/3 and w˜ = −1/3. In the
white top and bottom regions there are the stable and unstable nodes, respectively.
and the trace of matrix (38) is described by
tr A = −2− 3(w˜ + w). (40)
Therefore the critical point (3) is stable when w + w˜ > −2/3.
The characteristic equation for matrix A at critical point (3) is in the following form
λ2 − tr Aλ + detA = λ2 + (2 + 3w˜ + 3w)λ+ 3
2
(1 + 3w˜)(1 + 3w) = 0. (41)
From the characteristic equation (41), we can obtain the eigenvalues for critical point (3)
(see Table II). In Figure 16 we demonstrate the stability of critical point (3), depending on
w and w˜.
The linearized equation (36)-(37) at critical point (3) is given by the following formulas
(x− x0)′ = A11(x− x0) + A12(z − z0)
= (−1− 3w)
(
x+ 1+3w
3(w˜−w)
)
+
(
1+3w
−3w˜+3w
)
(z − 1− 3w˜),
(42)
(z − z0)′ = A21(x− x0) + A22(z − z0)
= 3
2
(1 + 3w˜)(w˜ − w)
(
x+ 1+3w
3(w˜−w)
)
+ (−1− 3w˜) (z − 1− 3w˜),
(43)
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where x0 = − 1+3w3(w˜−w) and z0 = 1 + 3w˜. The solutions of the above equations are presented
by formulas
x = C1a
(−2−3w˜−3w−α)/2(aα + C2)− 1 + 3w
3(w˜ − w) , (44)
z = C1
3(w˜ − w)
2 + 6w
a(−2−3w˜−3w−α)/2((3w˜ − 3w − α)aα + C2(3w˜ − 3w + α)) + 1 + 3w˜, (45)
where α =
√−1 + 9w˜2 + 9w2 − (1 + 6w˜)(1 + 6w).
It is interesting to check how structure of phase space changes under changing coefficient
equation of state for dark matter from 0 (cold dark matter) to w˜ = 1/3 (hot dark matter).
Results of dynamical investigation show that structure of the phase space is preserved
under changes of the model parameter. Let us considered some details.
V. DIFFUSION COSMOLOGY WITH THE HOT RELATIVISTIC DARK MAT-
TER
In this section we consider the case with relativistic dark matter (w˜ = 1/3) and w = −1.
Then the equation of state for dark matter is in form pdm =
1
3
ρdm, where pdm is the pressure
of dark matter. We get the following equations
x′ = x(−4 + z + 4x), (46)
z′ = z(1 − z + 2x). (47)
We can analyze the critical points in the infinity. In this case we use the Poincare´ sphere.
Let X = x√
x2+δ2
, ∆ = δ√
x2+δ2
. For variables X and ∆, we get dynamical system
X ′ = X
[
−∆2(
√
1−X2 −∆2 + 3
2
X −∆) + (1−X2)(3X +∆− 4
√
1−X2 −∆2)
]
, (48)
∆′ = ∆
[
(1−∆2)(
√
1−X2 −∆2 + 3
2
X −∆)−X2(3X +∆− 4
√
1−X2 −∆2)
]
, (49)
where ′ ≡ √1−X2 −∆2 d
dτ
. Critical points, for the above equation, are presented in table
III. The phase portrait for the dynamical system (48)-(49) are demonstrated in Figure 17.
It is interesting to see how different solutions with and without an initial singularity
are distributed in the phase space. To answer this question it would be useful to consider
a phase space structure of the models under consideration. For this aim we reduce the
dynamics to the form of an autonomous 2D dynamical system. In such a system the state
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TABLE III. Critical points for dynamical system (48)-(49), their type and cosmological interpre-
tation.
No. critical point type of critical point type of universe
1 X0 = 0, ∆0 = 0 saddle de Sitter universe without diffusion effect
2 X0 = 2/7, ∆0 = 6/7 saddle scaling universe
3 X0 = 4/5, ∆0 = 0 unstable node Einstein-de Sitter universe
4 X0 = 1, ∆0 = 0 stable node static universe
5 X0 = 4/5, ∆0 = −3/5 saddle static universe
6 X0 = 0, ∆0 = 1 unstable node de Sitter universe with diffusion effect
7 X0 = 0, ∆0 = −1 stable node de Sitter universe with diffusion effect
8 X0 = 0, ∆0 = 1/
√
2 stable node de Sitter universe with diffusion effect
variables are dimensionless parameters: the density parameter for radiation dark matter and
the parameter δ characterizing the rate of energy transfer to the dark matter sector.
The main advantage of visualization global dynamics on the phase portrait is the possibil-
ity to see all solution of the system admitted for all initial conditions. On the phase portrait
there is the geometric representation of evolutional paths of both solution types. Critical
points are representing asymptotic states of the system, i.e. stationary states. In order
trajectories joining different critical points are representing the evolution of the system.
Similarly to dynamical investigations presented in our previous paper [13] we added to
the plane circle at infinity via the construction of the Poincare´ sphere. Hence we obtain a
compact phase space and consequently a global phase portrait. In Fig. 17 we have identified
linear solutions without the initial singularity as the representing by saddle critical point
(2). In the phase portrait there are critical points at a finite domain as well as located on
the boundary at infinity.
Note that the phase portrait has no symmetry with respect to the x-axis. Critical point
(6) is representing an expanding stationary de Sitter type solution determined by diffusion
effects. We denote as typical trajectories starting from this critical point and going toward
the de Sitter empty universe. This type of trajectories we called trajectories of type I. In the
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FIG. 17. Phase portrait of dynamical system (36)-(37). Note that trajectories for the ∆ < 0
represent solutions with the negative value of H. From the cosmological point of view trajectories
representing expanding models with ∆ > 0 are physical. Critical points (1) represents the de
Sitter universe without diffusion effect. Critical point (2) represents the scaling universe. Critical
point (3) represents the Einstein-de Sitter universe. Critical points (4) and (5) represent the static
universe. Critical point (6) and (8) represent the de Sitter universe with diffusion effect.
phase portrait there are also present trajectories of type II. These trajectories are starting
from the Einstein-de Sitter universe with the initial singularity and coming toward the de
Sitter universe labeled as critical point (8).
Looking at the phase portrait one can observe that only critical points of type unstable
and stable node (global attractors and global repellers) and saddle appear in the phase
space. Therefore the model obtained is structurally stable, i.e. any small change of its r.h.s
does not disturb the global phase portrait. Physically this means that corresponding model
is realistic. Mathematically this fact has a nice interpretation in the context of the Peixoto
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theorem [24] that they are generic in this sense because they form open and dense subsets
in the space of dynamical systems on the plane.
VI. CONCLUSION
The standard cosmological model (ΛCDM model) is widely accepted but it has still some
problems, namely the cosmological constant problem and the coincidence problem. In the
standard cosmological model (ΛCDMmodel) it is assumed that all fluids are non-interacting.
This implies that the densities of baryonic matter and dark matter are scaling with respect
to redshift as ρdm,0a(t)
−3 and dark energy has constant density. In this paper we construct
a cosmological model in which it is assumed that the process of interaction between sectors
of dark matter and dark energy is continuous. Relativistic diffusion describes the transfer
of energy to the sector of dark matter. This effect is described by the running cosmological
constant and the modification of the standard scaling law of the dark matter density to the
form ρdm,0a(t)
−3+γta(t)−3. The dynamics of this model is studied for possible explanations
of cosmological puzzles: the cosmological conatant problem and the coincidence problem.
In the context of the coincidence problem, our model can explain the present ratio of ρm
to ρde, which is equal 0.4576
+0.1109
−0.0831 at a 2σ confidence level. In our model, the canonical
scaling law of dark matter (ρdm,0a
−3(t)) is modified by an additive ǫ(t) = γta−3(t) to the
form ρdm = ρdm,0a
−3(t) + ǫ(t).
The analysis of the time dependence of density of dark energy and dark matter, we
conclude that the value of effective energy of vacuum runs from an infinite value to a constant
value, and the delta amendment to the scaling law goes from zero to zero and being different
from zero in a long intermediate period. This characteristic type of behavior is controlled
by the diffusion effect.
The paper presents a detailed study of the behavior of a state of the system represented by
the state variables (x, δ). In this context, it was natural to consider the diffusion mechanism
which controls the change of the ratio of both energy densities and the very dynamics of this
process remains in analogy to the description of population changes of competing species
[1]. A crucial role plays the saddle critical point Ha = const, which is a scaling type of the
solution (ρm ∝ ρde). The position of this point cannot be disturbed by a small perturbation
(structurally stable point as well as whole system).
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